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Abstract
The general class of porous medium equations:

with diffusion coeflicient k vanishing for two values of saturation S and the fractional flow f having a
characteristic ‘S’-shaped signature, is an accepted and physically reasonable model for describing two
phase flow (formulated in terms of total velocity and pressure) of groundwater in certain common soils.

For numerical studies , the possible roughness of the solutions requires an additional approximation
or regularization of the equation accomplished by perturbing the diffusion coefficient k, in order to
obtain a nondegenerate problem with smooth solutions. We establish a-priori estimates for solutions
and quantitative estimates for the regularization of these possibly degenerate equations. It is shown that
the regularized solution, Sg, converges to S as the perturbation parameter 8 tends to 0 with specific
convergence rates specified throughout all estimates.

1. Introduction

In modeling immiscible two phase flow through a porous medium (see Peaceman [8]), the fol-
lowing class of saturation problems arise:

o8

S+ V- (F(W) = V- (k(VS) = Q(S)  on 2 x (0,T}] (1.1a)

with boundary conditions:
(f(S)Yu—k(S)VS) - n=q on 0Q x [0,Tp] (1.10)

and initial condition:

S(z,0) = S%(z) on {2 (1.1¢)

where Q is a bounded domain of IR", n = 1,2,3, and 0 < §%(z) < 1, for all = € €.

The saturation S (0 < .S < 1) of the invading fluid is the ratio of the volume of the fluid (water
for instance) to the volume of voids in a representative elementary volume (see Bear-Verruijt [2],
Ewing et al [5], and Peaceman [8]). The diffusion coefficient k& = k(S) is the conductivity of the
medium, which is assumed here to depend only on the value of the saturation S. The fractional
flow function f = f(.S) determines the transport term V - (f(S)u) where u is the Darcy velocity
of the fluid. We assume in this analysis that u is given and sufficiently smooth. In reality, it is
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obtained by solving another, possibly nonlinear, pressure equation. The term Q = Q(S) represents
the source/sink terms, while ¢ is the boundary flux.

Equation (1.1) has been studied extensively by many authors, especially in the one dimensional,
purely parabolic case with the conductivity k taking the special form k(£) = £”(see Rose [9] and
its references). In a subsequent paper [10], Rose investigated the more general equation (1.1) in
one space dimension, with time-varying mixed boundary conditions, and a single degeneracy for
k at the origin: requiring k(£) to be bounded above and below by constant multiples of [£|¥. In
addition, both f and k were assumed to be at least C? functions of S, and in some cases, implicitly
assumed either k& was monotone increasing or concave. The proofs also required that f’ should
vanish at each degeneracy of k. In [10], it is stated that the results provided can be used to handle
the case of two degeneracies (S=0, 1) which occur in two-phase immiscible flows of groundwater
in certain soils. However, the proofs implicitly assume that f(0) = f(1) (see (2.18)-(2.19) of that
paper) which precludes the application of those results to standard fractional flows f which have
the characteristic ‘S’-shaped graph.

D. L. Smylie, in his doctoral thesis [12], studies the purely parabolic case in several dimensions
and generalizes the results of [9,11] to the case of two degeneracies and relaxes the controlled decay
to just lower bounds on k: for example, for £ near 0, k() > c [£|”. It is along the lines of [10,12]
that we follow in our analysis, i.e. our primary goal is to numerically approximate the solution
to the full multidimensional advection—diffusion equation (1.1) with two degeneracies by a discrete
Galerkin method. This paper focuses on the necessary a prior: and regularity estimates required
for this approach. In a forthcoming paper we apply these estimates to obtain improved Galerkin
approximations.

The multidimensional extensions complicate somewhat the derivation of the desired estmates,
but in many cases indicate more direct routes. In one spatial dimension, a simple explicit operation
was used to invert the second order diffusion term (integrate twice). In the multidimensional
setting, this corresponds to integration against Green’s functions which is typically used for “local”
as opposed to Sobolev norm estimates and may also be rather technical. Using the approach in
Section 2 (see also [10,12]), we are often able to provide more direct proofs of somewhat greater
generality. In particular, we relax the hypotheses to include the familar ‘S’ shaped fractional flow
curves f appearing in two phase applications which are formulated in terms of total velocity and
pressure [8]. Our only constraints on k are that it be bounded and regulated from below:

c1|s” 0<s<o
k(s) > 1 co a; <s<a (1.2)
c3|l — s|?2 oy <s<1

where the ¢; (1 < j < 3) are positive constants, and the parameters oj(j = 1,2), 12, and vy satisfy
O<a < % < as<1and 0 < vy,ve < 2. We then define

v := max(vy, 2). (1.3)

For error estimates over bounded domains €2, in effect the parameters v; may be replaced by v.
For purposes which will become clear in dealing with various Lebesgue estimates, we define = as

the Holder conjugate index to v,
_2+4v

S 1+4v

v: (1.4)



For f, we require that there be a positive constant 7) such forall 0 <a <b<1,

N 1f0) — F@P < (KG) - K@) (b-a) (1.5)

where K is the antiderivative of k,

S
Kwyz/kmm. (1.6)
0
These conditions control the degeneracy of k£ and, in a sense, indicate diffusion-dominated transport.

This paper is structured as follows. In section 2, we fix the notation and, for completeness, give
preliminary results useful in the remainder of the paper. In section 3, we derive a prior: inequalities
for the solution to (1.1). We shall assume there exists a weak solution S to (1.1) on Q x [0, 7] as,
for example, in Gilding and Peletier [7]:

To

TO TO
- [T se0@ar= [CS)u Ve dr+ [ (k(5)5,96)(r) dr
0 0 0

To To
= (8%, (-,0)) + /0 (Q(8),)(r) dr — /0 /a _apdodr

holds for all ¢ € C*([0,Tp],C?(2)) such that ¢(z,T)) = 0 on 2. We then prove the well-posedness
of the nonlinear problem (uniqueness and continuous dependence of the solution on the data).
Section 4 contains the perturbation of (1.1) to obtain a nondegenerate equation

O £V ((Sp)) ~ V- (ka(8)VSh) = Q
where kg is conveniently defined. We show the solution Sg of this regularized problem converges in
appropriate functional spaces to the solution of our original problem, establishing continuity with
respect to coefficient data. Finally, we establish regularity results for the solution of the perturbed
problem.

In the remainder of this section, we set our notation. For simplicity we assume the domain 2
has unit Lebesgue measure and denote by

smzfs
Q

the mean value of the function S over 2. We denote by (S1,S52)q := Jg S1(¢)S2(x)dz, when this
has meaning. Often we will omit the subscript 2 on the integral if there is no ambiguity. We use
the notation

1
ISl <= Sl == ([ 157

for the norm of the Lebesque spaces and say that S € LP()) when this expression is finite. The
mixed norm spaces consist of all S which are Lebesgue measurable on 2 x [0, 7] and for which the
norm

To 1
151l zo 20y = 1SNl 2v (0,70, L9 (00)) = (/0 IS () dr)



is finite. The Sobolev spaces W?(2) are defined according to
WP(Q):={S € LP(Q) : D*S € LP(Q) for |a] < r}

where D® is the a-th weak derivative, a is a standard mulit-index (a1,...,a,), and a norm is
provided by
1
ISllwe = (D ID*SII,)%.

|al<r

When p = 2, we write H"(Q2) for W2(f2). The homogeneous space WP () is the completion of
C§2(9Q) in WP(Q2) and the “negative” Sobolev space H1(Q) is the Banach space dual of H().

We will also have occasion to use mixed Lebesgue-Sobolev norms

T .
IS Lo a5y = 1SNl Lo (0,200, 55 (00) = (/0 1511,

The symbols C' and ¢ are used to denote positive constants which are independent of parameters
such as (3, x, and ¢, but which may change from line to line in the different estimates.

To close this section, the authors would like to take this opportunity to express their sincere
thanks to Richard Ewing for posing this study and providing several key references.

2. Preliminaries: The Poisson Solution Operator T

We give in this section elementary results required in later sections. Several a prior: and error
estimates in Section 3 are formulated in terms of the negative Sobolev space H!. We use the
solution operator T defined below in order to provide a more convenient equivalent norm for (H')*
and specify its relationship to the Lebesgue spaces. Required properties of this operator which may
be more or less well known are also recounted briefly for completeness. Within this section, we use
the notation f (and g) to denote a distribution in (H')* which should not be confused with the
coefficient f appearing in the equation (1.1). The notation ¢ (and w) is used for members of H*.

Let f € (HY*, then fq = (f,1) in the sense of the ((H')*, H') duality, which coincides
with [, fde when f is Lebesgue integrable on €. Consider the elliptic Neumann boundary value

problem:
—Aw = f—fq in
g—w =0 on 90 (2.1)
n
wo = fa,

which (see Ciarlet [3]) has a unique solution w € H!. We define the solution operator T : (H!)* —
H?! by setting for each f € (H')*, T(f) = w, where w € H' is the unique solution to (2.1). A weak
formulation of (2.1) is given by

(Vw,V¢) = (f,9)— (fa,¢)
= (f,¢) — fada (2.2)
= (f,0) = (Tf)ada



for all ¢ € H'. Thus, the duality relationship may be written

(£,9) = (V(T'f), V) + fa ¢a- (2.3)

In particular, if we take ¢ = T'g with g € H~!, we may rewrite this to obtain

(f,Tg) = (VI f,VTg) + fa (Tg)a = (VIf,VTg) + faga (2.4)

which we show may be considered as the inner product on H 1. If we set g = f, then

(f,Tf) = IVTfI22 + (fo)? = |IVTf|2: + (TF)E. (2.5)

Proposition 2.1 The solution operator 7' is a linear, symmetric, positive definite operator.
Moreover, the equivalent expressions in the identity (2.4) define an inner product on H~! with
norm given by the square root of any one of the equivalent expressions in (2.5).

Proof. The argument that T is linear is standard since T'f is the unique solution to the linear
equation (2.1). The fact that T is symmetric follows from the symmetry in identlity (2.4) of f and
g. It is obvious from (2.5) that T is a nonnegative operator. If (f,7f) = 0, then equation (2.5)
shows that both VT f and (T'f)q vanish which forces T'f = 0. But the definition of T' shows that
f—fa=—-A(Tf) =0 and so f must be the constant fq. But the condition (T'f)q = fq on T
implies that f = 0 and so T is positive definite. O

Observe that H' may be normed with

gl = (16122 + ($0)?)* (2.6

which is equivalent (up to constant multiples) with the usual norm on H! given by:

el == (IVel3a +l16l3:)* - (2.7)

That the quantity in (2.6) is no larger than that in (2.7) follows directly from Hélder’s inequality
applied to ¢q and the fact that €2 has unit measure. The opposite inequality follows from a version
of Poincaré’s inequality: ||¢|zz < cll|@]l|z2-

From the definition of the norm |||-||| and the identity (2.5), we have that

(Tf, f) = ITFNZa- (2.8)

Proposition 2.1 indicates that (T'f, f)% is a natural norm on (H')*. It is in fact an easy exercise
(use Hélder’s inequality for £ ;) to show that this is the Banach dual norm for (H*,||-||[). Along a
different line, the Sobolev embedding lemma (see [1]) implies that H'(£2) is continuously embedded
in LP(Q2), p < 6 since 2 C IR", n < 3, and ) has measure one. The duality argument

1 Gy = (TH) < AT Fllzellfllgess
< eI el fllgers = e Wy Il gsrs
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shows that L%/° is continuously embedded in H~'. We summarize these statements in the following
Proposition.

Proposition 2.2 The Sobolev space H'(Q) may be equivalently renormed by (2.6), in which
case, the dual norm is given by

Il = (TF,0)?
= ITfllla

and (H')* is naturally identified with H~'. Moreover, for n < 3 the Lebesgue space L%/%(f) is
continuously embedded in H~1(Q).

(2.9)

In the sections that follow, we will need the fact that the inverse operator 7' commutes with
time derivatives. Although not required in this paper, under a no-flow boundary condition, the
operator also commutes with the Laplacian. The proof follows by the facts that the commutator
of T and % applied to any (smooth) ¢ satisfies (2.1) with homogeneous data and that the solution
of the boundary value problem is unique (cf. Fadimba [6]).

Proposition 2.3 For smooth ¢, T and % commute, i.e

0 09
5 (T0) =T(5 (2.10)
Moreover, if ¢ € H'(Q), and
99 =0 on 01, (2.11)
on
then
T(A¢) = A(T9). (2.12)

3. A Priori Estimates

In this section we establish a priori inequalities for the solutions and show that problem (1.1)
is well-posed. For simplicity, we begin by assuming that Q(S) = 0 and ¢ = 0 which leads to
continuity estimates with respect to initial data. We discuss in Theorem 3.5 how the proof is
modified to handle the general case.

In addition to the multivariate generalization presented here, we are able to relax the restrictions
on k and f and do not require a direct evaluation of T(V - (f(S)u) —V -k(S)V.S) or similar terms as
in [9,10],and are able to exploit the symmetry of the special elliptic inversion operator 1" to simplify
estimates.

In this paper, property (1.5) plays a crucial role, enabling us to control the transport term in
our estimates. We consider first the homogeneous problem

PV (S -V (HS)VS) =0  on 0x[0,T)) (3.1.0)

F(S)u-n— (%K(S) =0 on AQx[0,Ty], (3.1.b)



S(z,0) = 5%z) >0 on . (3.1¢)

Here we assume as before that k(s) > 0 and 0 < S%(z) < 1. We denote by 99 the boundary of
and by n its outward unit normal.

The following elementary lemma will be used to assist establishing Lebesgue norm estimates
from our primary inequalities (compare pp. 7-10 of [12]).

Lemma 3.1 If k satisfies the condition (1.2) and v := max(v2,v1), then there is a positive
constant C* depending only on the parameters for k so that for all 0 < a < b < 1 there holds

C* |b— o't < K(b) — K(a). (3.2)
Proof. Observe that inequality (1.2) is equivalent to

2
k(s) 2 { é3|l — s|¥2 a1 <s<1. (3.3)

Consider first the case 0 < a < b < ag. By Hdlder’s inequality it follows that (371’1-"1 + 851"'1) <

é1]s|” 0<s<a
<

(s1+ 82)V1+1, and so, with s2 = a, s1 = b — a and inequality (3.3) we have

b—a)t1 < B gt = (1) [Peds 50
< 35 [Pk(s)ds = 36 (K(b)—K(a)) . '

Inequality (3.2) then follows since v > v1. The case a3 < a < b < 1 follows similarly.
For the remaining case 0 < a < ag < a2 < b < 1, we recall that k(s) > 0 on (0,1) and so
from (1.2)
K(b) — K(a) > K(az) — K(a1) > c2 (a2 — ay).

Hence if we define o := ¢ (a2 — a1), then

(b—a)t’ <b—a< - (K@) - K(a)) (3.5)

&

since0<b—a<1. 0O

Before proceeding with our estimates, we provide in the following proposition relationships
between conditions on the coefficients. Inequalities such as (1.5) appear within the bodies of proofs
in earlier works (compare Theorem 2.1 of [10] with k(S) ~ S” and implicit assumptions on f for
valid applications of L’Hospital’s rule).

Proposition 3.2 Suppose k satisfies condition (1.2).

i.) If f € C'[0,1] and f'(0) = f'(1) = 0 with f’ Lipschitz at 0 and 1, then there is a positive
constant 7) so that property (1.5) relating f and k holds for all 0 < a < b <1, that is

N 170) - f@)f < (K@) -K@))(b-a) .



ii.) Conversely, if f and k satisfy condition (1.5), then |f'|*> < ck, and so f' vanishes with k.

iii.) If f(0) = f(1) = 0, then there is a positive constant C such that

|f(s)| < Cy/k(s) forall0<s<1.

Proof. To prove part i.), consider first the case 0 < a < a1 < ag < b < 1. From (3.5) we have

oy < KO - K@
- b—a
and so
(f(b) — f(a))? _ (f(b)—f(a))2 1 < 1112,
(b—a)(K(b) — K(a)) - b—a ﬁ%ﬂl - o

which yields inequality (1.5) if 7 > ao/||f'||%-
Next consider the case 0 < a < b < as. By inequality (3.4) together with an application of the
mean value theorem there exist ¢,d between a and b such that

/(b)) — f(a)|? 1 /)= fa)f

<
(b—a)(K(b) — K(a)) = & (b—a)(ot! —antl)
PR NACK
— ¢ dn
But s”* increases, so d > § and hence
PP e
dv - ¥t
"(c)q2
< 42 [L9]
c
< 4C

where the last inequality follows from the properties assumed of f (i.e., f'(0) = 0 and f’ is Lipschitz
at 0) and the fact that 0 < v; < 2. By combining these last two inequalities, the Proposition follows
for this range of a,b if 7) is set greater or equal to the reciprocal of %.

For the case a3 < a < b <1, we only need change variables ({ =1 — s) and replace v; by v3 in
the argument above.

Part ii.) of the Proposition follows by letting b = s+ h, a = s and letting h tend to zero, while
part iii.) is verified by first observing that the condition (1.2) implies that k satisfies inequality (3.3).
So, if 0 < s < a9, we have

L L))

k(s) — &sn
< dlfffie = C.

where we have used the fact that f(0) = 0 and applied the mean value theorem. A similar proof
holds for the case a1 < s < 1, thereby establishing the proposition. O



Lemma 3.3 Assume that £ and f satisfy conditions (1.2) and (1.5) and that S; and Sz solve
the homogeneous boundary value problem (3.1) with initial values Sy and S, respectively, which
satisfy [, S) = Jo S3, then

sup |81 — SallZ-s + / / (K(S1) = K(S2)) (81 — S2)dedt < CrlISY = SY%- . (3.6)
0<t<To Qx[0,T0]

Proof. First we note for each t the general fact that the average saturation is constant in time
under the conditions that the source and boundary terms vanish, i.e., S;(-,t) has the same mean
value over {2 as S]Q. To see this we integrate (3.1a) over 2 and get

d

ELLS+AV-U@N—VK@WM=O.

An application of the divergence theorem gives
d 0
‘n— —K =
dtLS+LQ (/(S)u-n On (5)=0,

which combined with the boundary condition (3.1b) implies % Jo S = 0. Hence as stated

LS:A@.

We apply the partial differential equation (3.1a) to both S1,S2 and subtract to obtain

0
¢ (51— 82) + V- (£(81) = f(S2))u — A(K(S1) - K(52)) = 0.
Applying the operator T' to this equation and using the fact (2.10) that 7" and % commute, we
have 5
5i T (51=82) +T(V - (£(81) = f(S2))u = AK(81) = K(52))) = 0. (3.7)

But by recalling that (T'¢, ¢) =: ||¢||?7_1, T is symmetric (see Proposition 2.1), and again that T
and % commute, we observe that

d 0 0
lolE = (5,79.9) + (T, 5,9)

5 (3.8)
= 2(aT¢¢)

Multiplying equation (3.7) by S1 — S2 and integrating over €2, we may substitute S; — Sy for ¢
in (3.8) in order to rewrite the first term of the resulting equation from (3.7) as a derivative of a
norm. For the second term of the equation, we use the symmetry of T' to pass it over to the term
S1 — 52 and follow by applying integration by parts to obtain

1d

SIS = Sallfiat (K(S1) — K(S2),81 - S2)

(3.9)
= (/) = 1($)]w, VT (S1 = $2) ).

9



Here we have used the Neumann-boundary condition (3.1b) to eliminate the boundary term

L 1782 = £(S2)u = V(K (S1) = K(S2))] -0 T(S1 = S2) do

while (2.1) is used to observe that the term or g1n—Sz

unaccounted for, is (K(Sl) — K(S2),(S1 — SQ)Q)Q which arose from the properties of the solution

operator T' and the term (K(Sl) — K(S2), AT(S1 — S2) )Q But we recall from above that by our

assumption it follows that (So — S1)a = (S9 — S¥)q = 0 and so this last term vanishes as well.
We now concentrate on estimating the right handside of (3.9). We may apply Holder’s inequality
followed by the arithmetic—geometric mean inequality to obtain

vanishes on 9. The final term, as yet

(17050 = £(S2))w, VI(S1 = $2)) | < llullo 1£(S1) = F (S22 VT (81 = S2)]] 2

INA

aflo £ (S1) = f(S2)ll 2 [T(S1 = S2)| g (3.10)

INA

2
Lir(sn) = 151 + =51 = S0l

where 1) is the constant in (1.5). Using property (1.5) with b = .51 and a = S2, we get for each
time ¢

| (I (5) = F(S2)lu, VT (81 = $o) )|

1
< =
- 2

(3.11)

B B [l PR
(K(81) - K(8:),51— 8) + a7 = 82l

Hence, combining this inequality with the identity (3.9) and taking the inner product from the
right hand side to the like term on the left, we have

d
181 = Sallfgs + (K (S1) — K(82), 81— 82) < C ull [T(S1 — 52) 7
(3.12)

< Cllull% 151 = Sall7-s

where the last inequality follows from the Proposition 2.2. Inequality (3.6) now follows by applying
Gronwall’s Lemma. 0O

The following Theorem shows that the requirement that the initial conditions S7, S5 have the
same mean over {2 can be eliminated. Additional norm estimates also follow immediately which
improve upon those in [12].

Theorem 3.4 Assume that k and f satisfy conditions (1.2) and (1.5) and that S; and S2 each
solve the homogeneous boundary value problem (3.1) with initial values SY and S9, respectively,
then

sup [1S1= Sallys + [ (K(S1) = K(S2)(S1 — S2)dedt < Cy 8] = )3, (3.13)
0<t<T, Qx[0,T)

10



151 — Sall oo -1y < C11ISY — S92, (3.14)

K (S1) — K(S2)ll 2 z2) < Ca llklloo 15T — S8l g1 (3.15)
152 = SulIFEY, 240y < C11IS3 = ST -1 (3.16)

where v = max(v1,v2). In particular, if 7 is given by (1.4), then

|52 — Sl“%-:t’:u(l,zw) <G ”Sg - S:(l)”%v (3.17)

Proof. The only real change required of the proof of (3.6) given in Lemma 3.3 is that an additional
term must be included in equation (3.9):

%% 181 — Sall%—s + (K(S1) — K(S2),51 — 52) (3.18)
= ((£(S) = F(S)u, VI(S1 = 82)) + (K(S1) = K(S2))(S1 = Sa)g.

and must be estimated. We may again use the arithmetic-geometric mean inequality to estimate
the additional term:
€ 1
(K(S1) = K($2))($1 = $2)0 < S (K(S1) = K(S2))g + 5 (S1 = Sa)g- (3.19)
The first term on the right hand side of (3.19) may be bounded using

(K(S1) — K(S2))q < 1K (S1) — K(S2)|12,

(3.20)
< |[klloo (K(S1) — K(S2), 51 — S2)
by the Cauchy-Schwarz inequality and by the facts that K increases and for each a,b > 0
(K (b) — K(a))® < ||k]loo(E (b) — K(a)) (b— a). (3.21)

By choosing €1 = (2||k||oo) ! and using the estimate (3.20) and Proposition 2.1, inequality (3.19)
becomes

1
(K(S1) ~ K(S2)) , (1= S2) < § (K(S1) = K(S2), 81— S2) + |kl 181 = SallFrs (3:22)
Inequality (3.11) remains as before, hence the right hand side of (3.18) may be estimated by

3 Cllul?
T (K(Sl) — K(S2),81 — Sz) + <||/c||oo + %) 151 — Sall3-1-

The first term of this last expression may be ‘buried’ in the like term on the left hand side of (3.18)
as before to give

2181 = Sal% + (K (S1) = K(82),81 - $) <

(3.23)
(CllullZ, +21[klloo) 1151 = Sall%-s-

Inequality (3.13) follows by applying Gronwall’s Lemma.

11



Inequality (3.14) derives directly from (3.13), while inequality (3.15) uses both inequalties (3.13)
and (3.21). Inequality (3.16) requires the integration over 2 x [0,7(] of the inequality

C* 185 = S1** < (K(S2) — K(81))(S2 — S1)

obtained from Lemma 3.1, followed by an application of inequality (3.13). The final inequality (3.17)
follows immediately from (3.16) and by, according to Proposition 2.2, the continuous embeddings
IL"cILS5cH? sinceG/5§7=ﬁ—zwhenO§V§2. O

We note that we have the usual Gronwall dependence of the constants in Lemma 3.3 and

Theorem 3.4

c
Cr = exp (21 (- Il +2lkl ) )
where ¢ depends upon the parameters for k in condition (1.2).

Having established the preliminary lemmas and estimates for a-priori inequalities in the homo-
geneous case, we now establish the general result.

Theorem 3.5 Suppose that the coefficients k and f satisfy the assumptions (1.2) and (1.5). If,
for j = 1,2, S; solves the boundary value problem (1.1) with initial value S?, source/sink term @,
and boundary term g;, then

To
sup Sz — S1l|-1 +/ (K(Sg) — K(51),82 — 51) (r)dr
0<t<Ty 0
(3.24)

To
<c {nsS — S0+ [ (o =l o + 1192 = Qull- ) @) dr} -

Proof. Following the proofs in Lemma 3.3 and Theorem 3.4, a version of inequality (3.18) remains
valid if two additional terms (arising from the source/sink term and divergence theorem boundary
terms)

_/ (g2 — q1)T(S2 — S1)do + (Q2 - Q1,T(S2 — S1) )Q (3.25)
oN

are added to the right hand side. Using Cauchy’s inequality, followed by the trace theorem for
Sobolev spaces (Adams [1]), Proposition 2.2, and the arithmetic-geometric mean inequality, we can
bound the first term as follows

Jaalaz — q)T(S2 — S1)do < g2 — qull2(aa) 1T (S2 — S1)llL2(00)

< Cllg2 — a1ll2a0) IT(S2 = Sl ()
< Cllg2 — q1ll2 e 1(S2 = S1) |l g-1(0)
< C(llg2 = 112 (o) + 1152 = S1l2= ).

The second term of (3.25) is bounded through duality by

(@2 Q1,7(82 = 51))| < 11Q2 = Qullr-+ IT(S2 = S1) 1
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which by Proposition 2.2 and the arithmetic-geometric mean inequality is in turn bounded by

C(lQ2 — Ql”%{—l + |52 — 51”%{_1) .

Adding these two bounds to the right hand side of (3.23) and applying the Gronwall Lemma yields
the desired result. 0O

Remark 3.6 We note that the simple arguments in the last paragraph of the proof of Theorem 3.4
show that the inequalities (3.14)—(3.16) hold in the nonhomogeneous case as well if the expression
159 — SP||g—1 is replaced by

[N

To
{||53 — 8% + A (||QQ - Q1||%2(39) + Q2 — Q1||12H—1)(T) dT}

In the case that Q;(S) = A S; and q1 = g2, these techniques can be used to show that the additional
terms can be eliminated from the right hand side of the inequalities, i.e. that (3.14)—(3.16) hold in
their original form with possibly different constants.

The following result will be particularly helpful in the next section which involves regularizing
the equation in preparation for numerical treatments. The previous results of this section involve
regularity with respect to data, including initial conditions, and source terms. This next result
involves weighted regularity in terms of the coefficient k.

Theorem 3.7 Suppose k satisfies condition (1.2) and f is bounded. If the solution S to equa-
tion (1.1), with both @, ¢ = 0, is sufficiently smooth, then

ISz + | 5(8) Vs

Proof. We multiply equation (1.1a) by S and integrate over {2 to get:
1d
2 dt
which, after applying the divergence theorem with boundary condition (1.1b), gives
1d
2dt

1d
331 1830+ | Vi3 v

If we set F'(S) := fOS f(r)dr, then we can rewrite and bound the right handside of (3.27) as follows:

<C-Ty+|8%3.. (3.26)

2
L2(L?)
ISz + (V- (F(SHu=-VEK(S)), $), =0,

151320y + (VE($), V58 ) = (£(9)u,V$),

or, equivalently,

2
. (£(8)u,vS). (3.27)

(1(S)u,v8) = /QU-VF(S(m,t))d:c

- / F(S(:c,t))u-ndo—/F(S(m,t))V-ud:c
N Q

INA

17 (S) 1z (J[ull oo Vol 1(82) + [ulyy)

13



where we have used integration by parts in the second equality. Combining this inequality with

the identity (3.27), we get
Lisiiz + | rs)vs|, <c.

where C' = C(u), yielding inequality (3.26) upon integration over [0,7p]. O

4. A Regularized Equation

Solutions to the degenerate problem (1.1) are not guaranteed to be sufficiently regular for nu-
merical approximation purposes Rose [9], Smylie [12]. One approach is to regularize the equation to
obtain a nondegenerate problem with corresponding smooth solutions. In this section we regularize
the problem by perturbing the diffusion coefficient &k in a convenient way. Here again we use to our
advantage the symmetry of the solution operator 1" in order to obtain our norm estimates for the
error Sg — S and avoid dealing with explicit expressions of 7', as occurred in the one dimensional
case [9].

In particular, we replace k by kg > 0 with kg — k in some sense as 3 — 0 and determine
in what manner Sg converges to S, the solution to the original equation (1.1). For example,
in Theorem 4.1 below, we specify specific rates of convergence in terms of the uniform norm of
the error in K. These estimates provide continuity with respect to diffusion coefficient data and
establish the existence of a solution S belonging to L?>t¥(L2*¥) by considering a nonincreasing
sequence of nondegenerate coefficients {kg,, } converging to k and applying inequality (4.7) below
(with kg := kg, and k := kg,, m < n) to the corresponding solutions to obtain a Cauchy sequence.
For given kg, we will set

Kp(S) = /0 (s ds (4.1)
We also recall
v = max(1, v2), (4.2)
and that e
=10 (4.3)

is the conjugate Holder exponent to 2 4 v, that is
1 1

'y+2+1/

We let Sg be the solution of the nondegenerate parabolic problem (1.1) with nondegenerate
(and smooth, if desired) diffusion coefficient kg replacing k:

%itﬂ +V. f(Sﬂ)u -V. kﬂ(Sﬂ)VSﬂ =Q onx(0,7T], (4.4a)
f(Sg)u-n— %Kﬂ(Sg) =q ondQx|[0,7], (4.4d)

and

Sp(z,0)=S%z)>0 onQ. (4.4¢)
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Then Sj is known to be C? in the space variable z, and C* in t (cf. [9]).

Theorem 4.1 Assume that kg > k and that the coefficient k satisfies condition (1.2) and k, f
satisfies condition (1.5). Let S,Sp be the solutions to original equation (1.1) and the regularized
equation (4.4), respectively, with the same initial condition S°. If C(8) = c||K — Kg||%, with c
determined below, then

T
e 1155 = 15 + [ (Ks(S) — Kn(9), 55 = 9) ) () dr < O(6), (4.5)
1Kp(S5) — Kp(S)llu2un) < C(B)V2, (4.6)
and )
185 = Sl (z2es) < C(A)T. (47)

Proof. We subtract (1.1a) from (4.4a) to get
%(Sﬂ —8)+ V- (f(5p) = F(5))u— A(Kp(Sp) — K(S)) = 0.

Proceeding as in Section 3 (equations (3.7) through (3.9)) and noticing that (Sg — S)q vanishes,
we obtain
1d

331158 = Sz + ( Kp(Sp) — K(S), 85— 5 )

= ((£(Sp) = F()w, VT(S5 = 9) ) .,

Q

which can be rewritten as
1d

5 37158 = Sl + (Ks(S5) = Ko(5),95 = )

= —(Kp(S) — K(5),58 = 5) + ((f(Sp) — f(5))u, VI(Sp — 5)).

Using the argument in (3.10) for the last term of this expression, we get

1d
LSy — Sl s + (K (S) — K(S), 55 — 8) < ~((S) ~ K(),55 — 9) »
2 .
+T075) = SO + L= - s

where 7) is as in inequality (1.5). Next we bound the first term on the right handside of (4.8) by
c* Y
—(Kp(S) = K(8),85 = 5) < CIKp(S) = KL + NS — Sl (4.9)
where C* is as in Lemma 3.1 and we have used the inequality

1 1
ab < =aP + =b? iflyl=1.
P q p q

15



We may then ‘bury’ the second term of (4.9) in the second term on the left handside of (4.8) by
Lemma 3.1. Similarly, we can hide the second term of the right handside of (4.8) in the left handside
by (1.5) to yield

1S = 122 + 5 (Ka(S) — Kp(S),55 — )
ul|7 oo
< CIEp(S) - KS)|L + '7'7 1S5 — 5113

According to Holder’s inequality,
IK — Kgllrjo, < 1K — Kgllzoejo,1

and so the previous inequality becomes
d
2158 — SlF-1 + (Kp(Sp) — Ks(S), S — S) < C(B) + Cr(w)]Sp — S,

2 |lullZ-

where C(u) = . We can now apply the Gronwall Lemma to obtain inequality (4.5).

Inequalities (4.6) and (4.7) follow simply as before in Lemma 3.4: inequality (4.6) follows from
the Lipschitz property (3.21) of Kp together with (4.5), while inequality (4.7) follows directly
from (4.5) and Lemma 3.1. 0O

The next three results provide smoothness estimates for solutions of the regularized homoge-
neous equation (4.4) (Q =0, ¢ =0), and allow us to establish additional estimates similar to those
appearing in Section 3. The following identity is used in our first lemma: If ¢ € C%(Q x [0, Tp])

and G(t) := {w € Q| d(z,t) > 0}, then

d _ ¢
7 (/G(t) é(z,t) d:c) —/() o - (z,t)dz . (4.10)

This identity is verified by parameterizing G(¢) and applying the chain rule in combination with
Leibnitz’s theorem on differentiation of integrals. The boundary terms vanish by observing that

¢ =0o0n dG(t)NQ

Lemma 4.2 Assume that kg > k and that k, f satisfy conditions (1.2) and (1.5). If Sg is the
solution to the homogeneous equation (4.4), then there are constants C1,C2 (independent of 3)
such that

< C1+C |18 llwz oy - (4.11)

H 8Sﬂ
L (0,Ty,LY ()

Proof. We apply the remark (4.10) above to the function ¢ = (Sp),, in which case

G(t) == {m € ﬁ‘ %(m,t) > 0}
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and

d 9Ss B
dt (/a(t) TR dw) = /G(t) (Sp) (z,t) dax .

Upon differentiating (4.4a) with respect to ¢, integrating over G(t) and applying the divergence
theorem however, we also obtain

0
Ly o= [ =90 mt Gl (Sp)i] do

aG(t)
and so N
d 0Ss d 083
= / (F(Sa)we ot oKy (Sy)] dor (412

0
= /aG(t)ﬂQ_(f(Sﬂ)u)t.n_i_ %[Kﬂ(sﬂ)t]da

In the last boundary integral of identity (4.12), we used the homogeneous boundary condition (4.4b)
to replace 9G(t) by 0G(t) N . We next observe that

é%(Kﬂ(sﬁ)t) <0, on OG(t) N K. (4.13)

This follows from the fact that by the chain rule K3(Sg); = k3(Sg) (Sg); which is positive on G(t)
and vanishes on 9G(t) N with (Sg);. Substituting this back into (4.12), we get the inequality

il [85"] —~(£(Sp)u)s - n do.

aG( )N

Again, since Sg; = 0 on 9G(t) N €2, we obtain (f(Sp)u), = f(Sg)u; on OG(t) N Q. Thus the above

inequality leads to
d 9Ss1 "
— —| dz< — - n]do. 4.14
dt/ﬂ[é‘t] w‘L)G(t)nQ[ f(Sp) vt - mldo (4.14)

Using the fact that the boundary of €2 has finite n — 1 dimensional Lebesgue measure and following
with an application of the divergence theorem, we obtain

L,G(t)nﬂ—f(sﬂ)ut-nda < c+/8G(t)[—f(Sﬂ)ut]-ndo—

(4.15)
< c+/ V-[—f(Sp) ws] da
G(t)
where
c:i= |f(Sp) ws| do .
aG () N 90
We recall from part ii.) of Proposition 3.2 that
1| < evE (4.16)
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and we may therefore estimate the integral expression on the right handside of the last inequality

of (4.15) by
VISl de < /Q|v-ut|+|ut-w(sﬂ)| dz

c(u) (1+/{2\/@|V55|dw) .

If we combine inequalities (4.14)—(4.17), integrate over [0, ¢] and follow with Hélder’s inequality, we

/Q [%rd,@ o(w) H\/@ VS
c(u) H\/@ VSy

According to Theorem 3.7, the first expression on the right handside is bounded by (C Ty + ||5°]12,) 2,
while the last term may be expressed as:

= —-V- Nu(z "Mdz
/G+(O)sﬂt(m,o>d:c—/G+(0)( V- £(8%u(z,0) + AK,(S))d

(4.17)

IN

obtain

IN

L1 L1 G4(0)

IN

L2 L2 G4(0)

N

which is bounded by a constant multiple of ||SO||W21 , independent of . Accordingly, the term

15%]12; from Theorem 3.7 may be estimated by ||SO||W21 by the Sobolev embedding theorem for
n < 3.

A similar proof holds for estimating (Sg;) , which gives the Lemma with a constant depending
on Ty, k, f, u, and the initial condition Sy, but independent of 5. O

Lemma 4.3 Suppose k, f satisfy conditions (1.2) and (1.5). There is a positive constant C =
C(k, f,u) so that if Sg is the solution to the homgeneous equation (4.4), then for all 8> 0

H /r; (S5) 8Sﬂ

Proof. If one multiplies equation (4.4a) by Kz(Sp): and integrates over €2, then

(Sses Kp(Sp)e ), + (V- [£(Sp)u— VEp(Sp)), Ks(Sp)e ), =0

and so integration by parts together with the boundary condition (4.4b) will yield

(Sa » Ka(Sp)e) + (VE(Sp) , (VEp(Sp);) = (F(Sp)u, (VK4(Sp))e).

(4.18)

+ IV (Sl zry < C+ | VEa(S

L2(L2)

Hence,

% HW (Sﬂ)t

L + 5 %HVKﬂ(Sﬂ)HLZ
= (£(Sp)u, (VK4(Sp))1) (4.19)
(75w, VEs(S)) + (7 (S5)w, VE(S)),
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where we have used the product rule in the last equation. We estimate the first term on the
right handside of this equation by differentiating the product, and in succession apply Cauchy-
Schwarz, the triangle inequality, the fact from part ii.) of Proposition 3.2 that |f/| < cV'k, and the
arithmetic-geometric mean inequality to obtain

(S VEsSe)| < & (|kalS) Soh|, +17(Sowll ) 1Ko
< B rs(So) Sp)|, +CIVEs(SIE +

We remind the reader that our constants depend only upon u, f, and k, but may be changing from
line to line. Substituting this back into inequality (4.19) and then subtracting the first term on the
right handside from the like term on the left, we obtain

| /ra(Ss) (S|

2 d 2
2T @ IVEs(Sp)lL:

< C|VKs(Sp)|2. +C1+ & (f(Sﬂ)u, VKﬂ(Sﬁ))-

Consequently, an application of Gronwall’s lemma leads to

VRS (Sp)e

;(Lz) + HVK;;(S;;)H;(H)

< GiT+Cy swp \(f(sﬁ)u,VKﬂ(sﬂ))\JrHVKﬂ(SO)H;. (4.20)

<t<Tp

The arithmetic-geometric mean inequality may be applied again to the inner product on the right
handside of (4.20) as follows

c 1
[(7(Sp)u, VEs(Sp))| < 72“]0(5,3)“”%00@2)+@||VKﬂ(Sﬂ)“%°°(L2)

which allows us to incorporate this last term on the right into the corresponding term on the left
handside of (4.20) to complete the proof of the Lemma. O

Theorem 4.4 Assume that kg > k, that the coefficient k satisfies condition (1.2), and the pair
k, f satisfies the condition (1.5). Further assume that Sp solves the homogeneous, regularized
equation (4.4). If we define

m(B) = Oégilkﬂ(s) , (4.21)

then there is a constant C, independent of 3, so that

H_@Sﬂ < Cm(B) (4.22)
0t Nl (z7)
and hence 58S
|52+ 9 15 < Cm(B) T (4.23)
6t L'y(L'y)
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where v = ﬂ is defined in (4.3).

Proof. Lemma 4.3 gives

85" C. (4.24)

L2(L?)

This is (4.22) if v = 0. If v > 0, then 2 5 < ; < 1 and so setting 0 := 2_1_%, we have

1 1
—=0-4+(1-6)1.
¥ 2

With this value of 8, a corollary of Holder’s inequality states that

1-6 0
[6llr <18l ez

from which we obtain

1Se)ellt, < 11(Sa)ell 7 11(Sp)e ||1+"
1
v 1
< o (/ |(sﬂ)t|2dm) ¥
Q

where we have used Lemma 4.2 for the L! estimate. If we integrate this inequality over the interval
[0,Ty] and apply Holder’s inequality, we see that

1S9y < €75 1(Spell E.

Substituting the estimate (4.24) into this last inequality gives the estimate (4.22) of the Theorem.
Inequality (4.23) is derived from (4.22) by applying Holder’s inequality and the product rule

V- f(Sﬂ)u = fl(Sﬂ)VSﬂ -u+ f(Sﬂ)V u

to estimate the gradient term as follows:

IV F(Sp)ullrzay < IV F(Sp)ullzaeey < [y/Rs(Ss

prny + 1S9V - ullzzwe

where part ii.) of Proposition 3.2 was used to estimate f’ by \/kg. By applying inequality (3.26)
of Theorem 3.7, the proof is complete. O

Remark 4.5 For our last result, we choose a specific regularization, i.e. a specific kg defined by

kg(s) := max (k(s),B") (4.25)

in which case m(8) > 8” and |Kg — K||z~ < 2C Bt for 3 sufficiently small. Consequently, the
constant C(3) defined in Theorem 4.1 satisfies

cp) < Cpr .
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Using this particular family kg (or even an appropriate C*° family majorizing this family), we
may establish estimates similar to inequality (4.5) of Theorem 4.1 as well as regularity results in

terms of ||V(K(Sﬂ) — K(S))HLz(Lz).

Theorem 4.6 Assume that kg > k is given by (4.25), that the coefficient k satisfies condition (1.2),
and the pair k, f satisfies the condition (1.5). Further assume that Sz solves the homogeneous,
regularized equation (4.4). If we define §(3) := A=) then

S (K(Sp) — K(5),85 — 8) + V(K (Sp) — K(S))ll72(2) < C(B). (4.26)
1Sp = SIZE 124wy < C8(B)- (4.27)
1K(S5) = K ()3 .00) < C3(H). (4.28)

Proof. Subtract equations (3.1a) from (4.4a), and integrate against K(Sg) — K(S) over € to get

((S5 = )0 K(Sp) = K(9)) + (V- (£(Sp) — F(9)u, K(Ss) — K(S))
—(A(Kp(Sp) - K(S)), K(Ss) = K(S)) =0

We can rewrite this identity, using the product rule and the boundary condition (4.4b) to obtain

d

7 (S5 = S, K(Sp) — K(8)) + V(K (Sp) — K(S))ll7:

= ((F(Sp) = £(85))u, V(K(Sp) — K(5)))
+ (Sp — 5, (K (Sp) — K(5)))

(4.29)
+ (V(K(Sp) — Kp(Sp)), V(K(Sp) — K(5)))
= I+4+1II41II.
We treat individually each term on the right handside of (4.29).
The first term 1 may be bounded as follows
Sp) — f(S))u, V(K(Ss) — K(S
((£(Sp) = £(S)u, V(K (Sp) — K(S))) (4.30)

< I(f(Sp) = F(S))ullZz + 11V (K (Sp) — K(S))lI7=-

where the rightmost term of (4.30) will be hidden in the left handside of (4.29) to be performed later
after an integration over [0,7p]. The remaining term on the right handside of (4.30) is estimated
using the fact that f is C' (thus Lipschitz), followed by Hélder’s inequality,

1(£(Sp) = F(SNullz < llullZee |l IZ11Sp = Sll72 < C 1S5 = Sl[Faxs-
By applying inequality (4.7) of Theorem 4.1 and integrating over [0,7(], we then obtain that

I(£(Ss) — Fuldezy < CB2 (4.31)
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The second term 11 of (4.29) can be bounded by first applying Holder’s inequality over € x [0, Tp]
and the fact that 1 <+ < 2 to obtain by Theorem 4.1 and Lemma 4.3 (since vk is bounded):

(85— 8, (K(Sp) = K(S) ), dr

IN

188 = Sl zess (zesn 1K (Sp) = K(9)ellz-(z) (4.32)
< OB |[(K(Sp) = K(S)elpmwsy < B
The third term 1II of equation (4.29) is estimated according to
(V(E(Sp) = Kp(S9), V(K (Sp) — K(S)) ),

< IV(K(Sp) — Kp(Sp)ll7e + 1l V(K (Sp) — K(S))Z2 -

(4.33)

Again, after integration over [0,7}], we will hide the leftmost term on the right handside of (4.33)
in the left handside of (4.29), and treat the first term as follows: Note by the definition of kg
in (4.25) and its properties that

ka(§) — k()] < B xphie)<p1(€) < BTykp(€) .
and so

V(K (Sp) = Kp(Sp))| = [ks(Sp) — k(Sp)| [VSp| < B74/ks(Sp) [V Spl.

Consequently, it follows from Theorem 3.7 that
IV(K(Sp) — Kp(Sp))llz2 (22 Bz||1/kp(Sp) [V Sgl
C (To + |1S0llz2) B2

IA

L2(L2) (4.34)

A

Finally, we complete the proof of estimate (4.26) by integrating identity (4.29) and applying
inequalities (4.30)—(4.34) to obtain

2

sup (85— S, K(Sp) — K(9) )+ V(K (Sp) - K(5)) o)

0<t<T,

) (4.35)

<O (P 45+8) + 3 [V(K(SH) - K(5)

L%(L?)
and follow by carrying the rightmost term over to the left handside as we indicated earlier.

Inequality (4.27) follows immediately from (4.26) as before by using Lemma 3.1. Applying
Holder’s inequality together with the facts that (K (b) — K(a))? < ||k|lo (K(b) — K(a))(b—a) and
inequality (4.26) holds, implies that

1K (Sp) = K (i o,y < klloo sup (K(Sp) = K(5),85 = S)  +IV(K(Sp) = K(S)II32 z2)

and therefore this quantity is bounded by C §(8), which verifies inequality (4.28). O
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